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Abstract
Artificial boundaries are necessary in seismic numerical modeling to constrain the computational
limits. Special treatment is necessary to reduce spurious reflections from these artificial boundaries. For
near-surface seismic modeling, boundary processing is particularly important due to the presence of
surface waves. The Perfectly Matched Layer (PML) method is an efficient way of attenuating boundary
reflections of body waves and surface waves. This approach is widely used by modern seismic modeling
programs. PML attenuation parameters are critical to the effectiveness of boundary absorbing. However,
choosing the appropriate values for these parameters remains a challenge. In many cases, they are
determined by experience or trial and error calculation. For a specific implementation of the PML
absorbing method, the attenuation effectiveness varies with different sets of PML parameters. Through
analysis on PML attenuation processes and numerical testing, we established an empirical relationship
between the PML parameters and attenuation effectiveness, thereby providing a practical approach for
determining the proper PML parameters for near-surface seismic modeling.

Introduction
Finite-difference (FD) seismic numerical modeling is widely used to generate synthetic records
from a given discrete earth model. The accuracy of modeling results is critical for wave equations based
seismic inversion since forward modeling is an essential part of inversion algorithm. Truncation errors
of FD approximations influence the precision of solutions to the wave equation. However, these errors
can be reduced by decreasing the model grid spacing or increasing the order of finite-difference
approximation. In most cases, spurious reflections from artificial boundaries introduced in FD methods
are the main sources of modeling errors. Although spurious reflections can be eliminated by increasing
the size of the finite earth model, it is usually impractical due to the geometric growth in computation
cost. Nonreflecting or absorbing boundary conditions are required to minimize the energy of spurious
reflections. Otherwise this error will be introduced directly into iterations of the inversion, possibly
causing the final inversion result to contain severe errors. For near-surface seismic modeling, boundary
processing is particularly significant due to the presence of surface waves.
Cerjan et al. (1985) introduced a nonreflecting boundary condition for discrete elastic wave
equations, which is known as the “sponge absorbing” method. This technique uses a viscous strip along
the boundaries of the numerical mesh. Amplitudes of outgoing waves are attenuated by multiplication
with exponential damping factors in the transition zone. The absorbing effectiveness of this method
depends to a large extent on the distance waves propagate in the transition zone. The damping strip has
to be thick enough to yield a satisfactory result, but increasing the thickness comes at the expense of
computation. Furthermore, this method does not attenuate surface waves efficiently. In the near-surface
case, surface waves dominate the wavefield. Applying classical sponge absorbing methods to nearsurface seismic modeling has little effect in reducing spurious surface waves reflections from artificial
boundaries. An improved version of the sponge method is the perfectly matched layer (PML) method
developed by Berenger (1994) for electromagnetism. The PML method was extended to the elastic
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Absorbing Effectiveness of Different PML Parameters
By decomposition of elastic parameters in two orthogonal directions and adding an attenuation
function α k , the elastodynamics equation can be extended to the following PML formulation (Festa and
Nielsen, 2003):
ρ D t + α k M t vik = Dlδ klσ il

(

)

vi = ∑ vik
k

where ρ is the mass density, D and Dl are discrete operators. The 2-D discrete form of velocity-stress,
staggered-grid finite-difference implementation is given by Collino and Tsogka (2001).
The definition of the attenuation function can be implemented in various ways. Generally, it
should contain inverse time dimensions and depend on the distance from the strip-model interface. It can
be written in the following general form:
t

K

C ⎛ i ⎞
⎜ ⎟
NΔx ⎝ N ⎠
where i is the distance in grid points from the strip-model interface, N is the total PML strip thickness
in grid points, Δx is the grid spacing, C is the wave velocity inside the transition zone, A is a constant
dimensionless factor, K is a positive integer.
Parameter N, A and K are key factors that influencing the absorbing effectiveness. Similar to
conventional sponge absorbing methods, N is the parameter dominants the absorbing effectiveness.
Thicker strips attenuate seismic wave energy more efficiently. If N is given, for a specific modeling
problem, different values of A and K yield different absorbing effects.
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wavefield (Chew and Liu, 1996; Collino and Tsogka, 2001) and adopted by most modern seismic
modeling programs. By modifying the wave equations inside the absorbing strip, the PML makes the
reflection coefficient at the strip-model interface effectively zero. It allows reduction in the thickness of
the transition zone to nearly 25% of the classical sponge absorbing methods (Carcione et al., 2002) and
efficiently attenuates boundary reflections of both body waves and surface waves (Festa and Nielsen,
2003).
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Figure 1: Single trace records of a homogenous isotropic half-space model with V p = 1000m / s ,

Vs = 577m / s , ρ = 2.0 g / cm3 , where V p , Vs and ρ represent the P-wave velocity, S-wave velocity
and density, respectively. The horizontal axis is the recoding time in milliseconds. The vertical axis is
the amplitude (vertical particle velocities) of particle vibrations. Values of the PML parameters: (a)
A = 10 , K = 5 ; (b) A = 4 , K = 10 .

604

Downloaded 07/02/14 to 129.237.143.21. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/

Figure 1 displays two single trace records derived from a staggered-grid finite-difference scheme
(Virieux, 1986) with different PML parameters. The model is a homogenous, isotropic half-space with a
vertical point source located on the free surface. The source wavelet is a 25Hz Ricker wavelet with 50ms
delay. The trace offset is 50m. Rayleigh waves (around 150ms on the time axis) dominant the energy
(amplitude) distribution of the trace records. The vibrations after 250ms are caused by spurious
reflections from the artificial boundary. Amplitudes of spurious reflections vary with different values of
the PML parameters A and K for a constant absorbing strip thickness. The maximum amplitude of
spurious reflections in Figure 1 (a) is less than that in Figure 1 (b), which means the parameters chosen
in Figure 1 (a) attenuate false boundary reflections more efficiently in this case.

Numerical Testing for PML Parameters
Selection of PML attenuation parameters is critical to the final absorbing effectiveness. However,
it remains a challenge to choose appropriate values for these parameters. In many cases, they are
selected based on experience or trial and error estimates. For a specific implementation of the PML
absorbing method, attenuation effectiveness varies with different sets of PML parameters. Collino and
Tsogka (2001) defined A as a function of theoretical reflection coefficients. Festa and Nielsen (2003)
estimated PML reflection coefficients for different values of points per wavelength of body wave
incidence in a homogenous medium. However, for a heterogeneous earth model, there is no analytical
way to calculate PML reflection coefficients. By numerical testing, we can get the variation of energy
after PML attenuation with different absorbing parameters, which establishes an empirical relationship
between the attenuation effectiveness and the PML parameters.
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Figure 2: Snapshots of vertical particle velocities of the wavefield. The green dashed rectangle
represents the area where surface waves should be: (a) before surface waves propagate into the
transition zone; (b) after surface waves propagate into the transition zone and bounce back.

We can consider N a constant value since the thickness of absorbing strip N is usually limited
for specific implementations of FD modeling with the PML. So attenuation effectiveness of the PML is
mainly controlled by parameters A and K . It can be written as a ratio of the maximum energy of the
wavefield after PML absorbing to the original energy. Figure 2 shows a method for estimating the value
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of this ratio. For a given discrete earth model, we take a snapshot at time t1 when surface waves are
close to the PML transition zone. By calculating the travel distance of surface waves, we can locate the
approximate area where surface waves should be (shown as green dashed rectangles in Figure 2). The
maximum energy E1 (absolute value of the vertical particle velocity) of the wavefield inside this area
can be evaluated. Let seismic waves continue propagating into the PML transition zone where they are
attenuated. When the wavefronts of surface waves bounce back and propagate out the transition zone at
time t 2 , we take another snapshot and recalculate the maximum energy E2 of the wavefield inside the
area of interest. Without considering the spherical attenuation of the energy of surface waves for nearsurface case, the PML attenuation effectiveness can be written as a ratio in percentage as follows:
E
RE ( A, K ) = 1 × 100%
E2
By changing the values of PML parameters A and K and running the modeling again, we get another
function value of RE . By repeating this procedure, a curved surface can be generated of the attenuation
effectiveness function RE can be generated.
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Figure 3: Function value distribution of attenuation effectiveness RE . The horizontal axis represents
the PML parameter A ; the vertical axis represents the PML parameter K . The dashed line is an
approximation of the distribution of minimum function values corresponding to different sets of PML
parameters.

Figure 3 shows a numerical testing result from a homogenous model. The PML parameter A
increases from 1 to 20 and K increases from 1 to 10. The function value distribution is equivalent to the
distribution of attenuation effectiveness. Lower function values mean better attenuation effectiveness
and vice versa. The color (represents the function values) distribution shows that the attenuation
effectiveness becomes better by increasing the PML parameter A while A is less than 9 for a given K .
However, as A continues increasing, the attenuation effectiveness becomes worse. The dashed line
shows that the best attenuation effectiveness changes little as K increases linearly with increasing A .
By analyzing the attenuation function values quantitatively, we find that lower values of K yield lower
values of RE . This means higher power order ( K ) in the PML implementation equation is unnecessary
and causes higher amplitude spurious reflections. This observation coincides with the results of PML
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numerical testing for body waves given by Festa and Nielsen (2003). Although Figure 3 is generated
from a specific model, numerical testing for different models shows consistent results.
With the empirical relationship of attenuation effectiveness and PML parameters, energy of
spurious reflections can be minimized. Figure 4 shows two synthetic example derived from a
heterogenous model (Figure 5) applied with different PML parameters. From the area marked by dashed
ellipses on the two shot gathers, it is easy to see that an arbitrary set of PML parameters yields stronger
spurious reflections than those on the shot gather generated with PML parameters guided by the
proposed empirical relationships. Numerical tests from other heterogeneous models also substantiate
that energy of spurious reflections (especially for surface waves) can be attenuated efficiently if the
PML parameters A and K can be selected from the values around the area indicated by the dashed line
on Figure 3. In most cases, A = 3 and K = 2 controls the error caused by spurious reflections in a
limited range such that they can be neglected for studies focused on surface waves.

Spurious reflections

Spurious reflections

Figure 4: Synthetic records (vertical particle velocities) though FD modeling with different PML
parameters applied. Both shot gathers use same parameters for gain control. Spurious reflections are
marked by the dashed ellipses: (a) PML parameters A and K are chosen through the empirical
relationship. (b) PML parameters A and K are chosen arbitrarily.
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Figure 5: Example of a heterogeneous model. The source is a 25Hz Ricker wavelet, located on the
free surface. Receivers distribute on both sides of the source with interval of 1m.
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Conclusions
By numerical testing of attenuation effectiveness with different PML parameters, we find that the
general PML parameter A and K should be no more than 9 for most near-surface seismic modeling that
involves surface waves. When the value of A is between 2 and 9, increasing the value of K linearly
with A maintains effective absorption of spurious reflections. In most cases, setting A = 3 and K = 2
yields the best absorbing effectiveness of spurious surface wave reflections. Using large values for A
and K is not only unnecessary; it weakens the absorbing ability of PML strips. With this empirical
relationship between attenuation effectiveness and PML parameters, false boundary reflections can be
minimized in near-surface seismic modeling.
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